The ultimate goal of this work is to accurately predict the attenuation through a collection of large (on the order of 10 cm radius) tethered encapsulated bubbles used in an underwater noise abatement system. Measurements of underwater sound attenuation were performed during a set of lake experiments, where a low-frequency compact electromechanical sound source was surrounded by different arrays of encapsulated bubbles with various individual bubbles sizes and void fractions. The measurements are compared with an existing predictive model [J. Acoust. Soc. Am. 97, 1510Am. 97, --1521Am. 97, (1995] of the dispersion relation for linear propagation in liquid containing encapsulated bubbles. Although the model was originally intended to describe ultrasound contrast agents, it is evaluated here for large bubbles, and hence low frequencies, as a design tool for the underwater noise abatement system, and there is fairly good quantitative agreement between the data and the model. Refinements to the model to incorporate multiple scattering effects, which may be important at high void fractions, via an effective medium approach [J. Acoust. Soc. Am. 111, 168--173 (2002)] and comparison with the data will also be discussed. [Work supported by Shell Global Solutions.] 
INTRODUCTION
The ultimate goal of this paper is to accurately predict the attenuation of sound radiated through a collection of large encapsulated bubbles for the purpose of analyzing and designing underwater noise abatement systems that employ arrays of large tethered stationary encapsulated bubbles [1] [2] [3] . Previous work with very thin-walled air-filled latex balloons showed that they behaved acoustically much like free or non-encapsulated bubbles, and sound propagation in a water-filled waveguide containing such bubbles was reasonably well-described by Commander and Prosperetti's effective medium model of bubbly liquids [4, 5] . Unfortunately, such encapsulated bubbles as used in the previous work are inappropriate for long-term deployment in the marine environment-a thicker and more robust encapsulating shell material than latex is desirable. Additionally, for predictive purposes it is important to note that as the thickness and rigidity of the shell material both increase, free-bubble models such as Commander and Prosperetti's no longer accurately predict the bubble resonance frequency, dispersion, or attenuation due to the influence of the encapsulating shell on the bubbles' volumetric oscillations.
A model of sound propagation in bubbly liquids, where the bubbles are encapsulated by solid elastic shells, was proposed by Church in the context of ultrasound contrast agents [6] . From this model, the shell material properties that affect acoustic behavior are the shell's density, thickness, shear modulus, and viscous damping, as well as the interfacial tensions at the gas/solid/liquid interfaces. In a previous study by the current authors, the resonance frequencies and damping of thick-walled (on the order of 1-2 mm) rubber-shelled balloons were measured and were found to be in good agreement with Church's model predictions [7] . While the ultrasound contrast agents that the Church model was originally intended to describe are microbubbles, with radii from 1-100 µm, it seemed promising from the current authors' previous work that Church's theory should equally apply to very large encapsulated bubbles with radii greater than a few centimeters.
As the void fraction of a bubbly liquid increases, it is expected that multiple scattering effects become more significant. A modification of Commander and Properetti's model to account for this was developed by Kargl [8] . Kargl's model takes the equation of motion for the radial pulsations of a bubble in a host liquid and writes it in terms of the effective medium: c → c m , ρ → ρ m , and µ → µ m , replacing the sound speed, density, and viscosity of the bubble-free liquid with that of the bubbly liquid as a means to account for the multiple scattering effects. Due to the fact that the encapsulated bubble arrays intended for use in underwater noise abatement applications have relatively high void fractions (∼1%), a new hybrid model was developed for this work, combining Church's model for bubbles with shells, with Kargl's method of accounting for mulitple scattering.
It should be noted that the purpose of the paper is not to perform a detailed test of each of the various models just mentioned, but that it is to determine which of these models provides the most accurate attenuation prediction for use in design of noise abatement systems. The outline of the paper is as follows. First, a lake experiment in which attenuation measurements were made is described and examples of the measurements are presented. Then, the dispersion relation for the combined Church-Kargl model is presented and compared with the other models. Finally, the attenuation measurements themselves are compared with the each of the models.
2.1 m and a height of 3.7 m was fabricated to provide support for the encapsulated bubbles and sufficient ballast weight for submergence. Netting was attached to all vertical sides and the bottom of the frame, and the encapsulated bubbles were attached to the netting. Two additional vertical panels of netting were attached within the interior of the frame so that the bubbles formed a three-dimensional volumetric array. A compact electromechanical sound source (US Navy J-13) was placed inside of the encapsulated bubble array, and the entire assembly was submerged in the lake, such that the mean deployment depth of the array was 2 m. The sound source was swept between 60 Hz and 2 kHz to provide low-frequency broadband excitation. Hydrophones were deployed at a horizontal distance of 9.7 m from the source to measure the acoustic pressure, and measurements were made at lake depths ranging from 2 m to 20 m in 2 m increments. The measurements were made with and without the various encapsulated bubble arrays present.
The encapsulated bubbles used in this experiment consisted of rubber-shelled air-filled balloons. The shell thickness was measured to be approximately 1.6 mm. The bubbles were not spherical; however, an effective spherical radius a was computed using the measured volume V b of an individual bubble a = (3V b /4π) 1/3 . For a given array, the encapsulated bubbles were all filled to identical volumes above the water's surface, and adjustment for hydrostatic modification of this bubble volume was not attempted. Three different bubble sizes were used in the experiments with values of a = 6.24, 8.12, and 12.26 cm at the mean deployment depth. The void fraction β for a given array was estimated using the total number of encapsulated bubbles N, the mean deployment depth bubble volume V b , and the total volume contained within the steel array frame V m by the expression β = NV b /V m . Example measured sound pressure spectra received on one of the array hydrophones, for a case with no encapsulated bubbles-labelled bubble-free-and three different encapsulated arrays, are plotted in Figure 2 . To estimate the attenuation through the encapsulated bubble array as a function of frequency from these measurements, the spectral levels corresponding to a given array configuration were subtracted from the spectral levels from the bubble-free case. This difference was then divided by the distance from the sound source to the edge of the encapsulated bubble array. These quantities were then depth-averaged to minimize the effects of the sound field's spatial dependence. The empirical attenuation values for all of the various encapsulated bubble arrays are presented later in Figure 5 . 
SOUND PROPAGATION MODELS
Various effective medium models for sound propagation in bubbly liquids for bubbles both with and without encapsulating shells are compared in this section. For derivations of the previously-published models, readers are directed to the original publications [5, 6, 8] . Since the derivation of the combined Church-Kargl model is analogous to Kargl's derivation, only the results are presented in this paper. The goal is to compare the outputs of the models, particularly the attenuation.
Kargl's approach accounts for multiple scattering effects in a bubbly liquid by replacing the bubble-free sound speed c, density ρ , and viscosity µ in the background medium with their effective medium counterparts. Following this same logic, the dispersion relation k m , damping coefficients b x , and resonance frequency ω 0m for the Church-Kargl model are given by:
where all of the terms on the right-hand side with the m-subscript denote the effective medium quantities. The physical parameter inputs to the model are the density of the shell material ρ s , the shear modulus of the shell material G s , the viscosity of the shell material µ s , the inner and outer radii of the bubble's shell a 1 and a 2 , the shell thickness r s = a 2 − a 1 , the volume of the shell V s , the interfacial tensions at the liquid-solid and solid-gas interfaces σ 1 and σ 2 , and the polytropic index of the gas inside of the bubble κ. The quantities α m and Z, related to properties at the shell interfaces, are analogous to those given in Ref. 6 . Note that the shear modulus and viscosity of the shell material are in general temperature and frequency dependent.
As Kargl points out in his paper, in relatively dilute bubble-liquid mixtures like the ones used here with void fractions on the order of 1%, the approximate equalities ω 0m ≈ ω 0 , b vm, ≈ b v, , and b tm ≈ b t may be used because the mixture density ρ m and viscosity µ m do not vary significantly from the bubble-free case. The approximate form of the dispersion relation predicted by the Church-Kargl model used here is then given by:
where the primary deviation from Church's model is that effective medium wavenumber appears on both sides of the equation, which is solved using a self-consistent iterative technique.
The phase speed c m and attenuation A are computed from the the dispersion relation using the following relations: The polytropic index κ was chosen to be equal to the ratio of specific heats γ = 1.4 for air for adiabatic conditions. For the initial comparison, the void fraction of the mixture was set to 1% and a monodisperse bubble size distribution was used for all four models. For the non-encapsulated bubble cases, the bubble radius was a = 7.96 cm, and the surface tension at [9] . The interfacial tensions σ 1 and σ 2 were selected such that their sum was equal to σ 1 + σ 2 = 30 mN/m, which was estimated using tabulated values for the surface free energies of butyl rubber [10] .
The phase speed and attenuation from the various models are compared in Figure 3 , where the curves corresponding to each model are labelled. The differences between the CP and Kargl models are discussed in detail in Ref. 8 and will not be restated here. The primary purpose of plotting the results from these two models in Figure 3 is to contrast them with the models that include bubble encapsulation. The resonance frequencies for the non-encapsulated and encapsulated bubbles are 45.0 Hz and 93.0 Hz, respectively. Thus, the presence of the encapsulating shell causes the bubbles' resonance frequency to increase, which is agreement with previous work [7] . This also has the effect of shifting the phase speed and attenuation curves in the direction of higher frequencies compared to the non-encapsulated cases. Additionally, the frequency-dependent shear modulus and shell viscosity have the effect of tempering the abrupt transitions in the phase speed and attenuation that are predicted by the Church-Kargl model for a monodisperse bubble size distribution. The abrupt transitions are not shown here in the Church-Kargl model, but they can been seen in the Kargl model. An important difference between the Church and Church-Kargl models, particularly in the attenuation, is that the inclusion of the additional multiple scattering effects causes the peak in the attenuation to both widen and shift upward in frequency by about 22% for these particular physical parameters.
MODEL-MEASUREMENT COMPARISON
For comparison with the attenuation measurements, more realistic bubble size distributions were used, as opposed to the monodisperse distributions used in the previous section. To approximate the variation of the bubble radius with the depth of the bubble array, the following probability distribution function was used in the integral:
where a 1 was the mean deployment-depth effective spherical radius and s = 0.5a 1 was chosen so that the distribution was sufficiently wide to approximate the constant variation of bubble radius with depth as an initial starting place, since the true distribution is not known. The gaussian distribution function was chosen primarily out of mathematical convenience. The upper and lower integration limits were chosen to be the expected bubble radii at the minimum and maximum depths of the array, respectively. Finally, the amplitude of the distribution function was normalized such that it represented the correct void fraction for each experimental case.
A comparison of the attenuation measurements and all four models is presented in Figure 4 . The bubble size distribution coresponds to one with a mean deployment-depth effective bubble radius of a 1 = 7.96 cm and a void fraction of β = 0.0047. Depth-averaged values of the measured attenuation are plotted here as red circles with vertical bars, which are used to indicate the range of measured values over all of the measurement depths. For the encapsulated bubble models, the shell thickness was r s = 1.6 mm. Neither non-encapsulated bubble model properly describes the data below approximately 100 Hz, which is near the expected bubble resonance frequency. For the encapsulated bubble models, it is evident that the Church model prediction agrees best with the attenuation data, especially near and below the bubble resonance frequency, and it does not appear in this case that the Church-Kargl model describes the data as well as the unmodified original version does. A potential reason for this discrepancy between the Church-Kargl model and the data is that this new model may not properly take into account multiple scattering either, or the ways that the models were combined here is inappropriate. Proposed models that attempt to address multiple scattering effects have been a topic of much debate in the literature, for example see Refs. 11 and 12 and associated published comments and responses. In fact, the measured attenuation appears to be described best by Church's model, even though that model is expected to under-estimate the effects of multiple scattering at high void fraction, and it is possible that the modified version of the model based on Kargl's theory actually over-estimates the effects of multiple scattering.
To test how well the Church model and the Church-Kargl model agree with the attenuation data for different values of bubble radius and void fraction, both models were computed for different parameter sets that corresponded to the various experimental configurations described in the previous section. This comparison between the data and the two encapsulated bubble models is presented in Figure 5 . In general, both models predict that the amount of attenuation should increase with increasing void fraction and that the range of attenuation should shift to higher frequencies as the mean bubble radius decreases. The measured attenuation also follows these trends; however, as seen in the previous comparison, Church's model tends to agree much better with the data near the bubble resonance frequency compared to the Church-Kargl model. Near the bubble resonance frequency, the Church-Kargl model typically underpredicts the measurements by 20% or more while the Church model prediction is typically within 5-6% of the measured values. Note, there is larger variation in the experimental results at frequencies well above the bubble resonance resulting in increased discrepancy between the measurements and both models at these higher frequencies.
CONCLUSIONS
The goal of this paper was to determine what, if any, effective medium model of sound propagation in bubbly liquids best predicts the attenuation through a collection of large stationary encapsulated bubbles. This was achieved by comparing measured attenuation through a stationary array of tethered rubber-encapsulated bubbles with various model predictions. Of the models tested, Church's model, which treats the bubbles as having solid elastic shells, best predicted the attenuation observed in the experiment. Even though the void fraction was expected to be sufficiently large enough for multiple scattering to be significant, a modified version of Church's model, which attempted to include these effects in the dispersion relation, appeared to over-compensate for them, and the model disagreed with the measurements near the bubble resonance frequency.
The use of effective medium bubbly liquid sound propagation models has potential advantages when it comes to designing underwater noise abatement systems that employ large encapsulated bubbles. For an example of what such a system might look like, the reader is referred again to Figure 1 . While it is true that models using discrete bubbles, which could be either analytical or numerical, could be used to explicitly design such noise abatement systems, such models typically take more time to set up and more computational effort to use. The effective medium approach instead provides a quicker and more convenient way of predicting the performance of an encapsulated bubble noise abatement system, particularly when the correct model and input parameters are used, and this approach is expected to be a highly useful design tool for future systems.
